Conservation rules for entanglement transfer between qubits 
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We consider an entangled but non-interacting qubit pair a± and 6i, where ai and bi are each 
independently coupled to a set of local qubit systems, aj and bj, respectively. We derive two general 
rules to describe the transfer of entanglement from ai-bi to ai-bj, for the case where the initial 
entanglement is given by the two different Bell states, *P and $, corresponding to anti-correlated and 
correlated qubits respectively. We find that for the non-local pairwise entanglement conserves the 
sum of the square of the non-local pairwise concurrences (SSPC). For $, the SSPC is reduced, even 
to zero in some cases, to reveal a complete and abrupt loss of all non-local pairwise entanglement. 



Entanglement is not only crucial to the transition be- 
tween classical and quantum behaviour [H, but is essen- 
tial to many key applications in quantum information Q|. 
An understanding of how entanglement is transferred be- 
tween systems and the existence of associated conserva- 
tion rules is of fundamental and practical importance. 

The seminal works of Bell and Einstein, Podolsky and 
Rosen (EPR) focused on entanglement that is shared be- 
tween two distant and non-interacting "qubit" (two-level) 
systems This "nonlocal" entanglement can be main- 
tained over long distances with exciting implications for 
both tests of quantum mechanics and applications such as 
quantum cryptography Q|. However, a fundamental is- 
sue is the degradation of entanglement brought about be- 
cause each party inevitably interacts "locally" with other 
systems, as illustrated in Figure 1. This local coupling 
can lead to an abrupt depletion of all the original entan- 
glement [j| , an effect which has been recently experimen- 
tally confirmed @|. The dynamical behaviour of entan- 
glement under the action of the environment is regarded 
as a central issue in quantum information 0, 0] . 

Intuition tells us that the two-qubit entanglement is 
not truly "lost", but is simply redistributed among the 
interacting parties 0, 0, Qij]. While it is the case that 
entanglement will be created between local systems, due 
to the local couplings, we would also expect a conserva- 
tion of a global nonlocal entanglement, to reflect that no 
further "nonlocal" interaction has taken place. 

This raises the natural question of whether a universal 
rule exists, for arbitrary local interactions, to describe the 
entanglement transfer among the qubits. More than this, 
there is the intriguing issue of how to relate the nonlocal 
entanglement between constituents of the two nonlocal 
systems (Fig. 1), with the global nonlocal entanglement 
that would be conserved. 

Yonac et al. 0] have presented a conservation rule for 
the transfer of entanglement from one entangled qubit 
pair, ai, bi, into another, 02, 6 2 . They observed C\\ +C22 
to be constant, where Cu is the concurrence measure 
[12] of entanglement between qubits ai and bj. How- 
ever, this simple conservation rule only applies to certain 



Figure 1: We derive rules to describe how the entanglement is 
transferred among qubits, when each member of an entangled 
non-interacting qubit pair ai, 61 is locally and independently 
coupled to a set of qubits, ai and bi, respectively. 



types of entanglement, that of Bell states |^) with anti- 
correlated qubits, and is not universal to all local inter- 
actions. Lopez et al. @ presented a very different result, 
for Bell states |<£>) with correlated qubits. They showed 
that when such a qubit pair is coupled to independent 
reservoirs, the death of qubit entanglement precedes the 
birth of reservoir entanglement, so there is a temporary 
loss of all nonlocal pairwise entanglement. Again, their 
results applied only to certain local interactions. 

In this paper, we give new insight by deriving con- 
servation rules for entanglement transfer between qubits 
that apply generally to all cases of "local" interactions 
that can exist within the qubit sets, A = {a/} and 
B = {bj}. We consider the transfer of entanglement 
from one qubit pair ai, b\ into a set of qubits pairs a/, bj, 
(1 < I < N, 1 < J < M), where members of all "non- 
local" pairs aj,bj are non-interacting (Fig 1). Which 
conservation rule is valid depends only on the type of 
global entanglement that is imprinted onto the system. 
Surprisingly, when the global entanglement is that of the 
Bell state |^) with anti-correlated qubits, a remarkedly 
simple conservation result exists: 
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The total nonlocal pairwise entanglement is conserved, 
but this manifests in the square of the concurrence, not in 
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the concurrence itself. The conserved quantity is equal to 
the initial entanglement C\ B , which we show is also that 
of the global two-qubit system {A, B}. For this case, we 
will prove an additivity of constituent entanglement, that 
the entanglement shared between any two nonlocal par- 
titions is the sum of the nonlocal pairwise entanglement 
of the constituents of the partitions. This rule applies to 
closed systems, and is investigated for open systems. 

Where the global entanglement is that of Bell state 
|$), the inequality 

< J2 C hW < C\ B . (2) 

i, j 

holds. We will show there can be a vanishing of all nonlo- 
cal pairwise constituent entanglement C/j, despite con- 
servation of global nonlocal entanglement Cab, to give 
consistency with the result of Lopez et al. [3]. 

The two different scenarios may be thought of in the 
following way. Suppose entanglement exists between A 
and B, where A is made up of subsystems measured by 
Alice, Ann, Agatha respectively, and B is composed of 
subsytems measured by Bob, Bill and Brian. In the ^ 
scenario, the global nonlocal entanglement can always be 
evaluated, through measurements shared only by pairs: 
Alice-Bob, Alice-Bill, Ann-Bob, Ann-Bill, etc. In the <& 
scenario, this is not the case. Examples exist where all 
pairwise entanglement would be zero, despite there be- 
ing a global entanglement, between A and B. This has 
potential implications for quantum cryptography, where 
measurement of shared entanglement between two par- 
ties, A and B, at different locations is used to determine 
security [13]. We will show however, that in both cases, 
the global entanglement could be inferred with commu- 
nication between all parties at A and one at B: Alice- 
Ann- Agatha-Bob; Alice- Ann-Agatha-Bill, and so on. 

We begin by considering the two non-interacting qubit 
systems, which we label A and B and which have out- 
comes and 1 for some system observable Qa and Qb, 
respectively. Eigenstates are \i)\j) where i,j = 0,1 are 
outcomes for Qa, Qb respectively. Of interest is the case 
where the qubit represents one or zero energy quanta. We 
examine cases where each system A, B has constituent 
subsystems, and there are internal interactions between 
them, described by Hamiltonians H a and Hb' 

H = H a + H b . (3) 

A measure of bipartite entanglement between two qubit 
systems, such as A and B, is the concurrence, defined 
as Cab = max (0, VXT — — V^3 — VM) > where Xi 
are the eigenvalues of the density matrix p' = p{a y ® 
a y )p*(a v <S> &y), where p is the system density operator 
and a y is the Pauli matrix in y direction. The maximum 
possible entanglement is given by Cab = 1, while Cab = 
implies no entanglement. The state is entangled when 
Cab > 0. 



The global bipartite entanglement defined for systems 
A and B must be invariant throughout the evolution. 
This is understood since the Hamiltonian Eq. |(3]) does 
not allow interaction, or exchange of quanta, between the 
two systems, or with external systems. The evolution of 
the pure state |V>( )) = c ij is S iven b Y M*)) = 
e -««/&|^(0)) = |-0(O)> , since H A , H B conserve the bit 
values of A and B, respectively. The same argument 
applies if we begin with a mixture of pure states. Hence, 
the concurrence Cab, defined from p, is invariant. 

We now examine two special cases of pure state entan- 
glement that can characterize the two qubit system A—B 
[a]. These correspond to the two classses of Bell states 
for the two qubit system. The original Bell-like state 'J 
with anticorrelated "spins" is 

|*) = cosa|l)|0) +e i/3 sina|0)|l) (4) 

while that of correlated "spins" is written 

|$) = cosa|l)|l) +e J/3 sina|0)|0). (5) 

In both cases the concurrence is Cab = 2 sin a cos a, to 
indicate maximal entanglement at a = it /A. 
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Figure 2: Evolution of the two-qubit concurrences for different 
nonlocal partitions, for state |*) with Hamiltonian Eq. ([9]). 
C?i (solid line); C| 2 (dashed line); Cf 2 = Cfi (dash-dotted 
line); C\ B (thin solid line). The following rule, universal for 
|*), holds: SSPC = Cab- Here A a = A b = 0, g a = g b &nd 
a = 7r/6. In this case of symmetric interactions g a = gb, the 
simple conservation rule Cab = Cu +C22 of Yonac et al. [§] 
also holds. 

Next we examine what happens when each of the sys- 
tems A and B is composed of a collection of interacting 
qubits, which we denote {ai}, {&,/} (Fig. 1). Since the 
overall qubit value at each of A and B must be conserved 
under action of Eq. ([3]), for states |\&), |$) there can be 
at most one qubit at each of A or B with a bit 1; all 
other bits are 0. Possible states are written | {1}„)| {l} m ) 
where | {1}„) = |0... {1}„ ..0) denotes that the qubit a n is 
in state |1) while all other qubits ai^ n are in |0); | {l} m ) 
defines the qubit states of B. The state with zero for all 
qubits is written |0). 
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The evolution when the global entanglement is of form 



|*) can be written |*(t)) = £f =1 d AI {t)\ {1}^>|0> 



Ejli <W(*)|0}| where the dAr(i), d B j{t) satisfy 



7=1, JV 



l<M*)| 5 



cos 2 a , 

J=1,M 



\d B j{t)\ 2 = 



(C) 



This conservation of probability holds because there is no 
external coupling, so that the total energy is conserved 
[l(J. We now relate the global bipartite entanglement 
Cab, which is conserved, to the non-local pairwise con- 
currences Cjj of subsystems aj and bj. This pairwise 
concurrence is calculated by tracing over all other sys- 
tems. Calculation shows the reduced density matrix for 
the aj, bj system to be of "X-state" form [§| (we omit the 
explicit time dependence in coefficients): we have 
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(7) 

in terms of the a,],bj basis states |10), |01) and 1 00) . The 
pairwise concurrence is Cjj — 2\dAidB,j\- 

Theorem: For the case of a global Bell entangle- 
ment Cab of type |\1/) between two non-interacting sys- 
tems A and B, the sum of the square of the pair- 
wise constituent "nonlocal" concurrences (SSPC) is con- 
served: SSPC = Ef=i Ejli Cjj = C\ B . The entangle- 
ment shared by any two nonlocal partitions {at,aj, ....}, 
{b m , b n ...} satisifes a simple Pythagorean addition of con- 
stituent entanglement: 
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}{m,n,... } 



k—i,j,.. l—m,n,... 



(8) 




Figure 3: Evolution of two- qubit concurrences for different 
nonlocal partitions, for state l^) with Hamiltonian Eq. (|9|). 
The plots confirm the rule, universal for I*), that SSPC = 
C\ B . Cii (solid line); C22 (dashed line); C12 (dashed-dotted 
line); C21 (dotted line). Here A„ = At = 0, g a = 2<?j, , 
9 = {9a + gb)/2 and a = 7r/4. 



Proof: For any Hamiltonian of the form H = 
Hr, the probability sums, Eq. {BJ, are con- 
[101 ] - Hence, given that the pairwise concur- 
is derived from Eq. ((7]), the conjecture must 
SSPC = EiJ2j\Cij\ 2 = MEi=i, N \dAi(t)\ 2 ) x 
1 m \dBj{t)\ 2 ) = 4cos 2 asm 2 a = C\ B . The result 
3) follows in the same manner from direct evalua- 
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tion of concurrences after tracing. 

We give a verification of the conservation rule by ex- 
amining the case of N, M = 2 where the qubits 01, b\ 
are two-level atoms with transition frequency ujq and the 
qubits 02, 62 are cavity modes with resonant frequencies 
uj a , We consider where the local interaction Hamil- 
tonian is of the Jaynes-Cummings form 



Ha = H(jJqS a + huj a 



,t, 



1 



a-a+- 
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(9) 

Here S A , S A and S Z A are raising, lowering and spin-z 
operators for the atom qubit a\, and (a) are the cre- 
ation (annihilation) operators for the cavity mode qubit 
02. The g a is the strength of the coupling between the 
atom and the cavity mode. The local Hamiltonian for 
B is defined similarly. Solutions for the concurrences de- 
scribing pairwise entanglement can be evaluated for the 
full case of arbitrary couplings and detunings, defined as 
A a = (cj - w a )/2, A b = (u - uj b )/2. Figures 2 and 3 
show concurrences for this case, to confirm the conserva- 
tion law, Eq. ((TJ). 

Where the global entanglement of the qubits 01, 
61 is that of the Bell state |<£>), the Pythagorean 
sum of the pairwise concurrences is no longer gener- 
ally conserved, but satisfies the inequality Eq. ([2|). 
In this case, the wave function evolves as |$(t)) = 
fc.,-fflim,MUD+co|0}|0>. Here 



i=l Z^i 



co(t)\ 2 
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| Cij (t)| 2 = cos 2 



(10) 



to describe that the quanta at A and B are shared among 
the local qubits. In this case the reduced density matrix 
pu for the qubits aj and bj is, in terms of basis states 
|11), 1 10), |01) and |00), 
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= maxjo, 2(|c/j||c | 

We note immedi- 



ately that Cjj < 4|c | 2 |c/,/| 2 and thus, using Eq. IjTOjl . 
the inequality Eq. must hold. In fact, we show below 
that all nonlocal pairwise entanglement Cjj can vanish 
(SSPC = 0), even where maximal global entanglement 
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Cab exists. We note however this is not the case for 
all nonlocal partitions. Simple evaluation reveals for |$) 
states that entanglement Caj defined for nonlocal par- 
titions {a 1: ...,a N } {bj} satisfies a simple addition rule: 

The loss of all nonlocal pairwise concurrence for evo- 
lution of the Bell state |$) is evident in the model Eq. 
((9]) (Fig. 4). Where the entanglement Cab is low, we 
can identify regions where each Cu is zero (SSPC= 0). 
The SSPC is regained when the transfer of entanglement 
fom qubits a\,b\ into the qubits 02,62 is complete. We 
observe, in this case of low Cab, the feature observed by 
Lopez et al. [1] for reservoir interactions, that the "birth" 
of entanglement in cavity modes is delayed a finite time 
after the "death" of entanglement in the atoms. 

As a final note we show that the constituent addition 



rule Eq. {TJ for \Q) also applies to describe entanglement 
transfer for open systems, where energy loss is modelled 
by zero-temperature reservoir interactions: Hr = ajT^ + 
a]T if the qubits are cavity modes, or H R = ajT^ + erjr 
if the qubits are two-level atoms. Here T = J2r9R^R 
and bn is the boson destruction operator for one of many 
vacuum modes that comprise the reservoir. Inclusion in 
the Hamiltonian Eq. ([9]) of such coupling, under the 
Markovian assumption and assuming equal cavity and 
atomic damping rates 7, leads to a simple damping en- 
velope for the concurrences: Cu(t) — > Cu(t)exp(—jt). 
The global entanglement Cab shows asymptotic decay 
CAB(t) = Cab(0) exp(— Kt), where k is the global decay 
rate, to confirm the rule J2ijCjj(t) = Cab (Fig- 5). 

This work was funded by the Australian Research 
Council and the ARC Center of Excellence program. 
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Figure 4: Evolution of pairwise concurrences for different non- 
local partitions, for state |<E>) and Hamiltonian Eq. ((9]). Here 
A a = Af, = and g a = gt = <?• The top figure plots SSPC 
for a = 7r/4 (solid line), a = ty/6 (dashed line), a = n/12 
(dashed-dotted line). The bottom figure plots the individual 
concurrences for a — n/12: C\\ (solid line), C22 (dashed line), 
C\ B (thin solid line). Cf 2 = C21 (dash-dotted line) is below 
O.Olin this case. As the global entanglement Cab weakens, 
regions of total loss of nonlocal pairwise entanglement are 
evident (SSPC=0). 
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